Pairwise quantum correlations in the ground state of a N-spins antiferromagnetic chain described by the Heisenberg model with nearest neighbor exchange coupling are investigated. By varying a single coupling between two neighboring sites it is possible to drive spins from entangled to disentangled states, reversibly. For even N the two-spin density matrix is written in the form of a Werner state, allowing identification of the weight parameter with the usual spin-spin correlation function S z i S z j = Γij . The correlation functions show universal behavior in the Γ-dependence. This study presents a concrete possibility for the practical demonstration of entanglement control, opening alternatives for probing non-classical correlations and the realization of Werner states in familiar condensed matter systems. All required fabrication and measurement ingredients are currently available.
I. INTRODUCTION
Quantum behavior at the microscopic scale is well established both theoretically and experimentally. Strictly quantum phenomena observed so far have confirmed the validity of quantum mechanics postulates, in particular its non-local character.
1 Entanglement is certainly one of the most intriguing and basic of such quantum phenomena, as it is a fundamental resource in performing most tasks in quantum information and quantum computation.
2 Experiments demonstrating and quantifying entanglement have been realized in the frameworks of photons [3] [4] [5] and atoms, 6,7 and preparation of specified entangled states has also been studied in model systems. 8 Separable quantum states, expected to show strictly classical behavior, can exhibit quantum correlations other than entanglement. A possible measure of quantum correlations is the quantum discord. [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] The behavior of entanglement and quantum discord under variable external magnetic fields and nonzero temperatures, as well as of the spin-spin coupling anisotropy have been discussed in the literature.
22-25
We have investigated related questions in short magnetic chains of spin-1/2 particles within the isotropic Heisenberg model. An important aspect of such chains is the tunability 26 of the coupling (J) between spins in neighboring sites. [27] [28] [29] From the analysis of pairwise correlations in the ground state (GS) of even-numbered chains, we have identified entanglement-disentanglement (E-D) transitions as the coupling J in one bond is varied.
The two-spin states under consideration are closely related to exact realizations of the so-called Werner state (WS). [30] [31] [32] [33] A WS is a one-parameter state that represents a superposition of a mixed component with a pure one, and is useful as it simulates the effect of the environment in destroying coherence and entanglement in a quantum system.
34,35
The WS parameter p gives the relative weight of the two components, and drives the E-D transition. For the systems under consideration, we have found that p = −4Γ ij , where Γ ij = S z i S z j is the familiar spin-spin correlation function. In addition, we have obtained universal behavior for quantum and classical correlations as functions of Γ ij .
Despite some difficulties, the experimental preparation of a Werner state is a subject of considerable interest. The first proposal in this respect involved photons in the context of quantum optics. 31 Other possibilities involve atoms in cavity electrodynamics 33 and nuclear magnetic resonance systems. 36 We propose here the implementation in solid state systems, which would represent simpler preparation (the system is kept in the ground state) schemes associated with measurement methods already available or to be soon available. The case of N = 4 is analyzed in detail and it is argued that that it presents practical advantages. This paper is organized as follows. In Sec. II we present our model system and briefly review the measures quantifying correlations and entanglement used in our work. Sec. III focuses on the N = 4 case. Sec. IV discusses the realization of WS and the identification of the control parameter p with the spin-spin correlation function. Our final conclusions and experimental perspectives are given in Sec. V.
II. MODEL SYSTEM AND THEORETICAL BACKGROUND
We start by describing our model system and briefly reviewing the theoretical background used in our work.
where the summation is over first neighbors of an open chain with N spins, and the exchange couplings are positive (J ij > 0). The symmetries of the Hamiltonian (1) imply that the two-spin density matrix for any pair of spins, obtained by tracing over the N − 2 remaining ones, in the S z basis {| ↑↑ , | ↑↓ , | ↓↑ , | ↓↓ }, has the general form 13,37
with Trρ ij = 1, b 1 b 2 ≥ |z| 2 and ad ≥ 0. 14 Regarding correlation measures, several quantities have been proposed to describe correlations in quantum systems; we summarize below those adopted in our study.
Two interacting spins i and j share information that is quantified by the quantum mutual information (QMI),
which includes all (quantum and classical) correlations between spins i and j, and where S(ρ) = − Tr ρ log 2 ρ is the Von Neumann entropy. We define Quantum correlation (Q C ) as
where the minimization is with respect to all possible measurement basis sets (projectors) {Π
, and S(ρ i|j ) is the quantum conditional entropy, i.e., the entropy of spin i when the state of spin j is known. This minimization amounts to finding the measurement basis that minimally disturbs the system, extracting information about spin j with minimum disturbance on spin i. Defining classical correlation (C C ) as 10,12,13
it is possible to decompose the total correlation as a sum of quantum and classical contributions (since we use projective measurements):
The individual components Q C and C C are not symmetric in i ↔ j, since J is not, while their sum I is symmetric. Finally, the usual measurement for the degree of entanglement between two spins is the concurrence,
where
, and the four numbers λ i=1,··· 4 are the eigenvalues in decreasing order of the operator ρ ijρij , withρ ij = (σ y ⊗ σ y )ρ ij (σ y ⊗ σ y ), and σ y is the second Pauli matrix. The concurrence for systems described by the density matrix of Eq. (2) can be directly obtained from Eq. (7) and is given by
We refer below to all quantities,
, as correlations, whenever there is no ambiguity.
III. FOUR-SPINS CHAIN
The one-dimension Heisenberg model (1) has been studied in a wide variety of contexts; in particular, the qualitatively distinct behavior of even and odd-N spin AF chains is already well established.
40-44
For AF coupling, the lowest state is in the lowest S We consider the N = 4 chain schematically shown in (Fig. 1) ; all couplings are AF, and the central exchange J 1 is varied while the others are kept fixed and equal to J 0 . We are interested in the behavior of correlations as a function of the ratio ξ = J 1 /J 0 . By explicitly writing the full GS density matrix on the S T z = 0 four-spins basis, we obtain the following symmetry relations for the reduced density matrices: ρ 12 = ρ 34 , ρ 13 = ρ 24 
The concurrence, however, shows an E-D transition: C 23 = 0 for 0 ≤ ξ < 1, but for ξ > 1, C 23 increases rapidly, reaches the value 1/2 at ξ = 2, and asymptotically approach unity. This limit corresponds to a singlet formed by spins 2 and 3. Independently and simultaneously, spins 1 and 4 also tend to form a singlet, as anticipated by the non-intuitive symmetry ρ 23 (ξ) = ρ 14 (ξ). The singlet formed by spins 1 and 4 is a manifestation of long distance entanglement, 45, 46 obtained here for correlations other than entanglement.
The correspondence ξ ↔ 4/ξ between pairs 1 − 2 and 2 − 3 allows inferring the behavior of C 12 from that of C 23 : C 12 is unit at ξ = 0, and decreases as ξ increases, with C 12 = 0 for ξ > 4, in a manifestation of the so called monogamous behavior: 47, 48 correlations in pairs 1−2 and 3 − 4 which are maximal for J 1 = 0, are gradually lost when J 1 increases, and correlations are built over pairs 2 − 3 and 1 − 4.
As regards to the other correlations, Q Fig. 2(a) ]. We have C C ≤ Q C , but C can be less or greater than C C and Q C . Fig. 2(b) shows that quantum and classical correlations are nonzero for the pairs 1 − 3 and 2 − 4, with a maximum at ξ = 2, while C 13 = C 24 = 0 over the full range.
IV. WERNER STATES
As noted in Sec. III, an E-D transition may occur for specific pairs of the chain at finite values of ξ, e.g, C 23 in Fig. 2 (a) vanishes for 0 < ξ < 1.
This behavior is characteristic of a WS,
where 1 4 is the identity matrix in the four-dimensional space and |Ψ − = (|01 − |10 )/ √ 2 is a Bell state. The unspecified parameter p drives an E-D transition at p = 1/3.
Its relation to the GS of an even-N AF chain, for which S T z = 0, emerges from rotational and time reversal symmetries of the spin Hamiltonian, which imply that the elements of ρ ij in Eq. (2) may be written as
Here,
is the spin-spin correlation function (−1/4 ≤ Γ ij ≤ 1/4 for spins 1/2). The results above are obtained regardless the size of the chain, the only restriction is N even; so they remain valid for more general situations than the example of Sec. III. For al pairs i, j Eq. (2) gives
where, without ambiguity, the i, j labels are omitted. Here, |S = (|↑↓ − |↓↑ ) / √ 2 represents a singlet, a maximally entangled two-spin state. It then follows that when Γ > −1/12 the concurrence vanishes and the state is separable, as for p < 1/3. Eqs. (9) and (12) allow identifying p = −4Γ, attributing physical significance to p in AF chains.
49 Given that Γ is a function of ξ, it is possible to reversibly control E-D transitions in this system by tuning J 1 .
A. Universal behavior for quantum and classical correlations
The spin-spin correlation functions for all spin pairs in Fig 1 are given in Fig. 3 as a function of the exchange ratio parameter. All pairs, 1 − 2, 2 − 3, 3 − 4 and 1 − 4, for which Γ is negative, undergo an E-D transition. The effective coupling between second-neighbors spins is ferromagnetic, leading to positive Γ and null entanglement for pairs 1 − 3 and 2 − 4. When the relation Γ = f (ξ) is invertible for a pair i − j, as is the case for Γ 12 and Γ 23 for N = 4 (See Fig. 3) , correlations for i − j may be explicitly obtained as functions of Γ. This means that, for pairs with Γ < 0, the correlations dependence on Γ is universal. For example, C 12 and C 23 [ Fig. 2(a) ] collapse into
given by the full line of Fig. 4 . The quantum and classical correlations for these pairs, represented in Fig. 4 , are also universal: Q 
V. DISCUSSION AND CONCLUSIONS
The WS realization suggested here shows attractive features with respect to actual realizations or other proposals in the literature. [31] [32] [33] 50 The reason for that is the fact that it involves the ground state of a well studied system in Condensed Matter Physics. This means that the superposition state of Eq. (9) does not require preparation other than cooling down the system to the ground state. This allows driving E-D transitions reversibly by varying the coupling J 1 . Another important result in our work is the identification of the control parameter p with a familiar quantity in the theory of magnetism. At this point, it is appropriated to comment on the feasibility of the proposed realization of the WS in short magnetic chains. 28,58 A recently considered related model, probing spin-spin entanglement transitions, refers to two Kondo spin chains, each one formed by an impurity and a bulk, coupled together through a Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction between the impurities. 50 Although our results hold in principle for all even values of N , we argue here that the N = 4 chain presents a particular symmetry, namely that all correlations in the internal pair 2−3 with varying coupling are equal to the ones for the external pair 1 − 4. This more distant pair is likely to present instrumentation advantages in terms of performing spin-spin correlations measurement: the coupling J 1 between internal spins in systems (i) and (ii) above could in principle be controlled through nano-electrodes conveniently aligned with respect to the target bond, while the external spins could be more easily accessed by a measurement apparatus.
In summary, we have studied spin chains in the context of classical and quantum pair correlations. We identify spin pairs that undergo reversible E-D transitions. The two-spin density matrix of these pairs is of Werner type and we find the connection of the parameter p with the familiar spin-spin correlation function Γ. Universal behavior is obtained for quantum correlations as functions of Γ. Recent experiments on related systems point to the perspective that observation of E-D transitions (and WS) in simple and well studied condensed matter system seems to be accessible with current, or soon to be available, nano-processing capabilities.
